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We e x a m i n e  f lu id  l e a k a g e  in the  c a s e  of f o r c e d  f i l t r a t i o n  in a p o r o u s  r e s e r v o i r  of nonun i fo rm  p e r m e -  
a b i l i t y  which  i s  s e p a r a t e d  by  a l o w - p e r m e a b i l i t y  b a r r i e r  f r o m  an o v e r l y i n g  r e l a t i v e l y  i m p e r m e a b l e  r e s e r -  
v o i r ;  the  h o r i z o n t a l  componen t  of t he  f i l t r a t i o n  v e l o c i t y  in t he  b a r r i e r  is  n e g l e c t e d  ( s c h e m e  of Shc he lkachev  
and H u s s e i n - z a d e ) .  The  p e r m e a b i l i t y  of the  po rous  r e s e r v o i r  is  a p p r o x i m a t e d  by  a f in i t e  cont inuous  func -  
t ion  

k = k (z) (0.1) 

of the  v e r t i c a l  c o o r d i n a t e  z. 

An a n a l y t i c  so lu t i on  of the  p r o b l e m  is  c o n s t r u c t e d  in the  p l ane  and a x i s y m m e t r i e  c a s e s  in t he  f o r m  
of s e r i e s  in r e g u l a r  func t ions  which  a r e  e a s i l y  t a b u l a t e d  f o r  c o n c r e t e l y  s p e c i f i e d  p e r m e a b i l i t y .  A n u m e r i -  
ca l  e x a m p l e  is  p r e s e n t e d  f o r  ~wo c a s e s  of s p e c i f i c a t i o n  of t he  p e r m e a b i l i t y  k(z) .  

1. A s s u m e  f lu id  is  p u m p e d  t h r o u g h  a s t r a i g h t  g a l l e r y  of i n j ec t ion  w e l l s  into an i s o t r o p i c  p o r o u s  r e s e r -  
v o i r  with the  i n d i c a t e d  n o n u n i f o r m i t y .  We a s s u m e  the  p r e s s u r e  above  the  b a r r i e r  is  cons t an t ,  the  r e s e r v o i r  
f l o o r  i s  i m p e r m e a b l e ,  and the  f o r c e d  f i l t r a t i o n  is s t e a d y - s t a t e ,  obey ing  the  l i n e a r  D a r c y  law.  Then the  p r o b -  
l e m  wi l l  be  d e s c r i b e d  by the  equa t ion  [1] 

~ o 

and the  b o u n d a r y  cond i t ions  

ap (1.2) 
p = p*, x=O; p = p~ x = L; Oz - -0 ,  z=O 

0~- zr" (P --  Po) :=0, z ~- H 

The  no t a t i ons  a r e :  p = r e s e r v o i r  p r e s s u r e ;  p* = p r e s s u r e  a long  i n j e c t i o n  g a l l e r y ;  p~ p r e s s u r e  at  edge  
x = L of g a l l e r y  in f luence  zone;  ki  = b a r r i e r  p e r m e a b i l i t y ;  h = b a r r i e r  t h i c k n e s s ;  H = r e s e r v o i r  t h i c k n e s s ;  

P0 = p r e s s u r e  above  b a r r i e r .  

We  w r i t e  (1.1) in the  f o r m  

O"-p O~P " N (z~ Op d 
Ox--'~ + ~ ' -  v. , - ~ z = O ,  N ( z ) = - f z l n k ( z  ) (1.3) 

and s e e k  the  so lu t ion  of th i s  equa t ion  with  the  a id  of the  s e r i e s  [2] 
c o  

p* --p~ i 
p : p * - -  ~ x - } -  ~ Gm(x,Z) gm(Z) 

(1.4) 
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w h e r e  l i m i t a t i o n s  of the  f o r m  

O~Gm " O~Gm--o ( m ~ O ,  t ,  2,  . . ) ,  
5- Oz ~ - -  ~  ( m = t ,  2 . . . .  ) ( 1 . 5 )  Oz - -  m-1 

a r e  i m p o s e d  on the  func t ions  Gm(X, z).  

Wi th  accoun t  f o r  t h e s e  cond i t i ons  t he  s e r i e s  (1.4) w i l l  be  t he  so lu t ion  of (1.3) if the  fo l lowing  d i f f e r -  

e n t i a l  r e c u r s i o n  r e l a t i o n s  a r e  s a t i s f i e d  f o r  the  func t ions  gm(Z): 

2g '0  -t- Ngo ~ O, 2gra" -1- Ngm = - -  (gain-1 -~ Ngm-l ' )  (m = 1, 2 . . . .  ) (1.6) 

In f ind ing  gm(Z) we r e s t r i c t  o u r s e l v e s  to the  p a r t i c u l a r  so lu t i ons  of (1.6), i . e . ,  we s e l e c t  the  c l a s s  
of p a r t i c u l a r  s o l u t i o n s  of (1.3) which  depend  only  on the  s i ng l e  h a r m o n i c  func t ion  G0(x, z); a l l  the  s u b s e -  
quent  func t ions  Gm(x , z) a r e  e x p r e s s e d  in t e r m s  of the  p r e c e d i n g  func t ions  and in the  f ina l  a n a l y s i s  in t e r m s  

of G0(x, z).  

Solv ing  (1.6), we f ind  

g o = k - ' / ' ( z ) ,  g ,~=- -2  l/k-(~ k-V~(z)(1~(z)g'n-~')'dz ( r e = l ,  2,. . .) (1.7) 

The  i n t e g r a l s  (1.7) can  be  t a b u l a t e d  f o r  c o n c r e t e l y  s p e c i f i e d  p e r m e a b i l i t y  of the  p o r o u s  r e s e r v o i r .  

C o n s i d e r i n g  tha t  the  func t ions  Gm(X, z) m u s t  s a t i s f y  z e r o  b o u n d a r y  cond i t ions  at  t he  v e r t i c a l  b o u n d a -  
r i e s  of t he  f i l t r a t i o n  r e g i o n ,  we t a k e  the  h a r m o n i c  func t ion  G0(x, z) in the  f o r m  

09 
Go(x, z)--~ ~.~ ~nz -Znz (ar~e d- b,~e ) sin Lnx, ~.~ = ng/L  (1.8) 

F r o m  (1.5) we ob t a in  fo r  Gm(x ,  z) 

"•l ra -~'n z Gra(:v, z ) ~  (aneXnZ-~-(-- l )  bne )~,n-rnsin~,n x ( r n : t ,  2 . . . .  ) 

We i n t r o d u c e  the  n o t a t i o n s  

oo 

a~(~)=~ ~ ~, ~-~gm(~), 
m~O 

In t h e s e  n o t a t i o n s  (1.4) can  be  w r i t t e n  as  

oo 
~ ( z ) = e  -~n ~ ,  ( - - t )m~. ,~- '~g~(z)  

m=O 

(1.9) 

(1.1.o) 

oo 

p = p ,  P * L R ~  (arian(z) _~b,~n(z) )s in%n x ( 1 . 1 1 )  

Subjec t ing  (1.11) to t h e  b o u n d a r y  cond i t i ons  at  the  roo f  and f l o o r  of the  r e s e r v o i r ,  we ob ta in  the  f o l -  
lowing s y s t e m  of a l g e b r a i c  equa t ions  in t h e  c o e f f i c i e n t s  a n and bn: 

an~ n' ((-1) d- b,,~n' (0) = 0 anun" (H) + b,~,~' (H) + = (ana,~ (ti) + b~3,~ (H)) : c~ (1.12) 

2a k~ (1.13) c n = ~ n L  [ ( p * - - p o ) + ( - - l ) n - l ( p ~  , :x--  h k ( H )  

( i .14)  

F r o m  (1.2) we f ind  

an = an' (0) (~n' (H) - -  ~ n  (H)) - -  ~n' (0)(a n" (H) -~- aa n (H)) ' bn - -  ~n" (0)  

The  in j ec t i on  g a l l e r y  f l o w r a t e ,  f l o w r a t e  at  the  c o n t o u r  x = L, and the  r e l a t i v e  l e a k a g e  p e r  unit  r e s e r -  
v o i r  width  can  now be  de f ined  by  the  e q u a l i t i e s  

H H 

, 
0 \az/x=0 0 Q0 

F o r  two p a r t i c u l a r  c a s e s  of p e r m e a b i l i t y  s p e c i f i e d  in the  f o r m  of the  func t ions  

k (1) (z) ~-~ k 0 (i + 0.2z) 2, k(2)(z) = ko (5 --  0.2z) 2 
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the  n u m e r i c a l  c a l c u l a t i o n  was  m a d e  us ing  the  i n i t i a l  va lue s  

k0= 30 ppm. k~= 0.00t ppm, h =  t0m, H-~ 20m, L ~  5000 m 
p * =  180 atm, P ~  i00 atm 

F o r  the  r e l a t i v e  l e a k a g e  in the  f i r s t  and s e c o n d  e a s e s ,  r e s p e c t i v e l y ,  the  c a l c u l a t i o n s  showed tha t  
(1) =0.073 and ~(2)=0.251,  whi le  in the  e a s e  of the  exac t  a v e r a g e  p e r m e a b i l i t y  (the s a m e  in both c a s e s )  

~7 =0 .144 .  

2. In the  c a s e  of a x i s y m m e t r i c  f lu id  f low f r o m  a c e n t r a l  i n j ec t ion  wel l ,  the  r e s e r v o i r  p r e s s u r e  wi l l  
be  de f ined  by  the  fo l lowing  b o u n d a r y  va lue  p r o b l e m  

O~p , O 2 p  , 1 Op . . . .  Op 
~+o-~- • -~v tz;j~z = 0  (2.1) 

Op 
p = p* (r = to), p =p~ (r = R), O-T = 0 (z = O) 

Op kt 
0-7 + ~ (P --  pc) = 0 (z = H) (2.2) 

H e r e  r 0 and R a r e  the  r a d i i  of the  we l l  and we l l  i n f luence  zone;  and r and z a r e  c y l i n d r i c a l  c o o r -  
d i n a t e s .  

We w r i t e  the  so lu t i on  of (2.1) in s e r i e s  f o r m  
03 

-P p , _ p o  In r § ~ Fro(r, Z)/m(Z) (2.3) 
P = P~ In (ro/R) --'ff ,~=0 

w h e r e  F m ( r ,  z) s a t i s f y  t he  cond i t ions  

O~Fm O~'Fra I OF m OFra _ 
-~r q - - ~ q - - 7 - - - - g T - = 0  (m- -0 ,1 ,2  . . . .  ), ~-~ =/"ra-a (m-~l, 2 . . . .  ) (2.4) 

and the  r e c u r s i o n  r e l a t i o n  (1.7) ho lds  f o r  the  func t ions  f m ( Z ) .  

We t a k e  the  func t ion  F0(r ,  z) in the  f o r m  

Fo (r, z ) = ~ ,  (a,~e ~z  + b~e-~'~z) G~ G~, r ) (2.5) 
tt~lt 

U~ G~r) = ]o (~,n r) Yo ( ~  to) - -  ]~ (~,~ to) Yo ( ~  r) (2.6) 

w h e r e  J0(hn r) and Y0(Xnr) a r e  B e s s e l  func t ions  of f i r s t  and s e c o n d  k i n d s ,  r e s p e c t i v e l y ,  of a r e a l  a r g u m e n t ,  
and ~n wi l l  be  r o o t s  of the  equa t ion  

Jo ( ~ R )  Yo (~n ro) - -  Jo  (J%n ro) Yo (~n R) ~ 0 (2.7) 

Us ing  (2.4), we ob t a in  the  e x p r e s s i o n  f o r  the  func t ions  F m ( r ,  z) 

co 

F,,, Cr, z) = ~ ,  ~ - ' ~  (,,,~e ~n~ + (-- i ) '~ b~e-z'~ )]u,~ c~n r) (2.8) 

C o n s i d e r i n g  the  n o t a t i o n s  (1.10), t he  s o l u t i o n  (2.3) t a k e s  the  f o r m  
co 

p* - -  p~ r ( 2 . 9 )  p = p~ ~ In -~- -k ~ (a= ~ (z) + b ~  (z)) U= (;~r) 
rt~l 

To f ind  the  c o e f f i c i e n t s  a n and b n we u s e  the  b o u n d a r y  cond i t i ons  at  the  roo f  and f l o o r  of t he  r e s e r v o i r  

an~,~" (0) + b~ . '  (0) = 0, a . ~ '  (At) + b ~ '  (r/) + ~ (a~n Ut) + b~,, (H)) = --  r (2.10) 

w h e r e  c n a r e  t he  c o e f f i c i e n t s  of t he  e x p a n s i o n  of the  func t ion  

(r) : ~ (p~ --  p* + ~ p* --  p~ la "~--)r 

into a s e r i e s  in the  o r t h o g o n a l  func t ions  Un(hnr) .  

F o r  the  w e l l  f l o w r a t e ,  the  f l o w r a t e  at  t he  b o u n d a r y  of the  we l l  in f luence  zone ,  and the  r e l a t i v e  f lu id  
l e a k a g e  f r o m  the  r e s e r v o i r ,  we have  

H H 
Qo--QI t  (2.11) 

Qo=2nro! k'(z)(~r ) . . . .  dz, QR=2~R!  k(z)(~-r )r=Rdz'  1'1-- Qo 
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The numer ica l  calculation made for  the same permeabi l i ty  values as in the plane problem showed, 
respect ively ,  ~?(1) =0.08, 7 (2) =0.294, and ~ =0.152. We took the initial values kl=0.001 ppm, h=10 m, 
H = 20 m, ro = 0.15 m, R = 1500 m, p* = 180 atm, p~ =P0 = 100 aim. We see f rom these examples that averaging 
of the permeabil i ty  ac ross  the r e s e r v o i r  thickness increases  the relat ive leakage through the relat ively 
impermeable  b a r r i e r  if the permeabi l i ty  k(z) near  the r e s e r v o i r  roof is l a rge r  than the averaged value, 
and reduces the leakage if the permeabi l i ty  near  the roof is less than the permeabil i ty  averaged ac ross  the 
r e s e r v o i r  thickness,  and the relat ive e r r o r  obtained when replacing the t rue permeabi l i ty  by the averaged 
value may be very  large.  

In conclusion, we note that the resul ts  of [3] for a uniform r e s e r v o i r  follow from the solutions ob- 
tained here  if k(z) = const.  

The solution can be constructed s imi la r ly  in the case when the permeabi l i ty  undergoes a discon-  
tinuity on N planes z =zi (i = 1, 2 . . . . .  N) and the porous r e s e r v o i r  has constant anisotropy. 
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